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Competing Statistical Methods for the Fitting of Normal
Species Sensitivity Distributions: Recommendations

for Practitioners

Graeme L. Hickey and Peter S. Craig*

A species sensitivity distribution (SSD) models data on toxicity of a specific toxicant to
species in a defined assemblage. SSDs are typically assumed to be parametric, despite note-
worthy criticism, with a standard proposal being the log-normal distribution. Recently, and
confusingly, there have emerged different statistical methods in the ecotoxicological risk as-
sessment literature, independent of the distributional assumption, for fitting SSDs to toxicity
data with the overall aim of estimating the concentration of the toxicant that is hazardous to
p% of the biological assemblage (usually with p small). We analyze two such estimators de-
rived from simple linear regression applied to the ordered log-transformed toxicity data val-
ues and probit transformed rank-based plotting positions. These are compared to the more
intuitive and statistically defensible confidence limit-based estimator. We conclude based on
a large-scale simulation study that the latter estimator should be used in typical assessments
where a pointwise value of the hazardous concentration is required.
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1. INTRODUCTION

The species sensitivity distribution (SSD™) con-
cept is firmly embedded in regulatory and gov-
ernmental ecotoxicological risk assessment pro-
grams.?~1) An SSD is a probabilistic model of
interspecies variability in sensitivity (measured as
the toxicity to a species) to a particular toxicant
(e.g., a pesticide or general chemical) for a biologi-
cal assemblage, which, according to Posthuma et al.(!)
(pp. 570-571), may be defined as a taxon, assem-
blage, or community.

SSDs are generally motivated by the need to es-
timate the environmental level of concern (ELC) in
a particular ecosystem for a toxicant, but are also
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used to infer community-level effects.(!?) For risk as-
sessment of chemicals within the European Union®)
(EU), the ELC is taken to be the predicted no-effect
concentration (PNEC). The precursor to probabilis-
tically estimated ELCs was the deterministic assess-
ment factor approach. In its most basic form, this
consists of dividing the lowest observed species toxi-
city value, a median lethal (effect) concentration, or
a no-observed effect concentration by an arbitrarily
specified assessment factor. The magnitude of the as-
sessment factor depends on the data type, composi-
tion, and sample size; see ECHA® (Table R.10-5)
for an example set of assessment factors for use in
deriving PNEC:s for aquatic compartments. The role
of SSDs is therefore to allow risk assessors to better
estimate ELCs by quantifying uncertainty.

In the context of chemical risk assessment within
the EU,® the PNEC is determined as the ratio of: (1)
the concentration that is hazardous to 5% of species
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(denoted as the HCs) in the respective assemblage;
and (2) a deterministic assessment factor between 1
and 5. The magnitude of (2) is chosen on an ad hoc
qualitative basis by the risk manager as opposed to
by a statistical criterion; we do not discuss it fur-
ther. There are many suggested approaches for es-
timating (1), or more generally the HC, for some
choice of 0 < p < 100. The large number of estima-
tors arises from the following: (i) differing statistical
foundational viewpoints, for example, classical con-
fidence, or Bayesian credible, interval approaches()
or a decision-theoretic analysis;¥) (ii) the choice of
parametric distribution (which can incorporate ex-
tensions beyond the default forms) or whether non-
parametric methods are used;® and (iii) assessment
specific considerations, for example, the type of data
used. Clearly (i) and (ii) are statistical considera-
tions. Point (iii) on the other hand is predominantly
a scientific matter, and a significant portion of the
criticism pertaining to the ecological interpretabil-
ity and risk assessment applicability of SSDs appears
to stem from it. The lack of consensus regarding
(ii) is clear, with advocates of parametric models fa-
voring a variety of simple univariate distributions:
the log-normal distribution;!®) the log-logistic distri-
bution;(”) the log-triangular distribution; and the
Burr Type III distribution.( Hypothesis testing is
the standard approach to evaluating the acceptabil-
ity of such distributions; however, its effectiveness
is often limited by the small sample sizes of species
toxicity data available. Parametric flexibility notwith-
standing, ECHA® (p. 22) describes the log-normal
SSD representation as “‘a pragmatic choice from the
possible families of distributions because of the avail-
able description of its mathematical properties.”
Despite widespread application of SSDs in regu-
latory ecological risk assessment, the scientific com-
munity has criticized their use. As well as debating
the statistical assumptions concerning distribution
shape and choice of estimator, the relevance of infer-
ences drawn from SSDs has been questioned(!%19:20)
given the other assumptions made, which include:
laboratory tested species are representative of
untested species; toxicological endpoints measured
are ecologically relevant; exposure is identical for
all species; interactions between species are unim-
portant; all species have equal ecological impor-
tance; and a 95% protection goal (i.e., affecting
p=5% of species) is acceptable. This list is by
no means exhaustive. Choosing 95% is effectively
a policy decision;?) it has been noted® that this
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is effectively inapplicable to communities of high
conservation value since the loss of a single species
may be unacceptable. An alternative proposed statis-
tical method,*® aimed at protecting the most sensi-
tive species with a fixed level of confidence, was con-
sidered impractical® since early results led to ELCs
below background levels.

An alternative to formal hypothesis testing for
evaluating whether the sample of species toxic-
ity data is (approximately) from a log-normal dis-
tribution is by inspection of a quantile—quantile
(Q-Q) plot, otherwise referred to as a normal proba-
bility plot.(>> This approach has been described®® as
a “graphical method.” A Q-Q plot for assessing log-
normality is constructed by plotting the numerically
ordered log-transformed toxicity values against the
corresponding theoretical quantiles of the standard
normal distribution. If the distributional hypothesis
is correct, the points should lie approximately on a
straight line; significant deviation of points from this
line would suggest departures from log-normality. To
complicate matters, the theoretical quantiles are de-
pendent on the method of specification, which is usu-
ally via a choice of uniform plotting positions.

Recently,(1227730) linear regression models have
been fitted to data in Q—Q plots in order to estimate
SSDs and, subsequently, HC, values based on the
assumption of a log-normal SSD. Regression mod-
els on Q-Q plots are increasingly popular in envi-
ronmental data analysis, especially when there are
nondetects (i.e., censored data), since they provide
convenient methods for estimating distribution pa-
rameters.®) However, it is generally the case that
censored data are either discarded or transformed
into a pointwise value on an ad hoc basis before fit-
ting an SSD.(? Notwithstanding this popularity, we
do not know of any research that analyzes the statis-
tical properties of linear-regression-based HC, pre-
dictions in comparison to parametric predictions cur-
rently employed in EU regulatory applications for
noncensored data.

Despite noteworthy criticism referred to here,
the SSD and HC, concepts are repeatedly used in
regulatory risk assessment and ecological research.
Given this fact, it is important to support practi-
tioners (i.e., risk assessors, research scientists, and
stakeholders) using SSDs by making recommenda-
tions based on sound statistical reasoning and to
expose any inadequacies in current practice. There-
fore, we find analytic formulas for two regression-
based HC, estimators that have been proposed
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for use with log-normal SSDs. A large-scale simula-
tion exercise is performed to calculate estimator per-
formance for a wide range of sample sizes. These
two rules are then compared to the rule proposed
by Aldenberg and Jaworska(!® that was derived to
have well-defined fixed coverage properties both for
repeated sampling in the frequentist (classical) statis-
tical paradigm and with respect to the posterior dis-
tribution of the log mean and variance parameters in
the Bayesian paradigm.

2. ESTIMATORS

Suppose that, for a given toxicant, a sample of
n log-transformed (base 10) distinct species toxicity
values (e.g., median effect concentration values) are
observed, which we denote as Y = (y1, y2, ..., Yn)-
We will assume a log-normal SSD, that is, that y; (i =
1, ..., n) are independent and identically distributed
observations from a normal distribution with mean u
and variance 2. We denote the numerically ordered
log concentrations as y1) < y2) < ... < Yu).

To construct a normal Q-Q plot, the theoreti-
cal quantiles xi, ..., x, must be calculated; the plot
then consists of points with coordinates (x;, y))
for i =1,...,n. There are many suggested ap-
proaches to determining the x;, the most standard of
which is to approximate them as x; = @~ 1(py), x =
& Yp2), ..., x, = & (p,), where ®~(.) is the stan-
dard normal quantile function and p1, p», ..., p, are
uniform plotting positions (0 < p; < 1). The method
for calculating p; (i =1, ..., n) depends on the the-
oretical criterion used. Common methods include:
[Blom] p; = (i —0.375)/(n+ 0.25); [Weibull] p; =
i/(n+1); [Hazen] p; = (i — 0.5)/n; many others are
described in Aldenberg et al.®? (Section 5.6.4).
Looney and Gulledge®* review hypothesis tests for
assessing normality based on the Q-Q plot empir-
ical correlation coefficient under different plotting
positions. Later, in deriving formulas for regression-
based estimators, we exploit the fact that all stan-
dard plotting position choices are symmetric, so that
Xi =X (i=1,...,n).

The quantity to be estimated is log,,(HC,),
which we denote by §,. For a log-normal SSD, §, =
u — K,o, where K, is defined by convention as the
(100 — p)th percentile of a standard normal distribu-
tion,13) for example, Ks = 1.6449. We will use §,(Y)
as a generic notation for rules for calculating esti-
mates of §, from the data. It is foreseen that without
wider modeling assumptions, the risk assessor will

reuse the determined rule independently for future
risk assessments.

2.1. Backwards Regression Estimator

Wheeler et al.*®2?%) assume the following model
for describing the SSD:

X=a+bY+e,

where X is a percentile in probit scale, Y is a log
concentration, a is an intercept parameter, b is a
slope parameter, and ¢ is the error term. The model
is implemented in a U.S. Environmental Protection
Agency (U.S. EPA) spreadsheet for fitting SSDs
(freely downloadable from: http://cfpub.epa.gov/
caddis/downloads/SSD_Generator_V1.xlt; accessed
24/06/2010). A similar model has also been consid-
ered®) under the assumption of a log-logistic SSD.
The role of X can be interpreted as a one-to-one
transformation of the (potentially) affected fraction
of species®® at a given environmental log concen-
tration Y. Assuming symmetric plotting positions,
so that > I, x; =0, simple linear regression yields
estimates of a and b to be:

a = —by; and
b izt Vi
(n—1)s2°

where y and s? are the usual minimum variance unbi-
ased estimators of y and o2; h~! provides an estimate
of the standard deviation parameter o. An estimate
of §, is obtained by inverting the predictive regres-
sion line to yield:

. ) (n—1)s?
ap(Y)[B] =y—-K

- 1)
Py vy

2.2. Forwards Regression Estimator

An alternative (forwards) model®® arises by
swapping the roles of the regressor and response
variables and is described! by the U.S. EPA Water
Science Standard Academy (see: http://www.epa.
gov/waterscience/standards/academy/supp/aquatic/
pagel0.htm; accessed 24/06/2010). It is important
in the field of environmental data analysis in the
presence of nondetects®*") and is implicitly consistent
with another model® that assumes a log-triangular
SSD and very strong ad hoc criteria beyond the

I The U.S. EPA describe this for informational purposes only. This
is not an official statement of the U.S. EPA policy.



scope of this research. We write the model as:
Y=a+BX+¢€, 2)

where X and Y are defined, @ and 8 are different in-
tercept and slope parameters, and €’ is an error term.
As for the backwards regression estimator, simple
linear regression yields estimates of @ and 8:

& = y; and
p— izt Yok
Y
and B is an estimate of 0. An estimate of §, is then:
2iz1 Yok

8,(Y)r =y — K, 3)

2
> %

Other statistical procedures than simple least-
squares regression for estimating the slope g have
been considered and empirical arguments provided
for choosing such alternative fitting methods. 2%

2.3. A Confidence/Credible Limit Estimator

Aldenberg and Jaworska!® refined the way to
estimate the uncertainty of the HC,, by extending the
work of others(%17:37) who had proposed using confi-
dence limits. The idea was to control the probability
that an estimator underestimates the true value for
100y % of repeated experiments, that is,

Ply—ks <pu—Kyol=y, 4

where kis a constant, independent of the data and the
probability is taken with respect to sampling distribu-
tion of Y. Through solving this, the 100y % one-sided
confidence limit was determined to be:

) 1
§p(Y)qg=y— ﬁnfl,Kp«/fz,ys’ (5)

where T, k, /m, 18 the 100y -th percentile of a non-
central z-distribution with n — 1 degrees of freedom
and noncentrality parameter K,/n; see Aldenberg
and Jaworska('® (pp. 14-15) for a derivation. Unlike
the other rules discussed here, this one was derived to
have the property that, for a sufficiently large number
of independent repeated samples, the HC,, estimator
underestimates the true value for exactly 100y % of
the samples.

It was also proved(!>33) that the frequentist cov-
erage of the estimator matched the Bayesian credi-
bility when the latter was determined using the inde-
pendent Jeffreys prior distribution, P(u, 0?) oc o2
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for w € R and o2 € R*. More precisely, Bayesian
credible limits coincided with frequentist confidence
limits for the same y. Others have discussed the use
of Bayesian methods in an SSD framework*8-#1) and
additional properties of this confidence/credible limit
estimator.(1*)

Current requirements under the REACH guid-
ance document® for estimating the HCs are to set
y = 0.50 and also to calculate a confidence inter-
val; the Bayesian viewpoint is not explicitly men-
tioned. In some more general situations it has been
recommended 1037 to estimate the HCs by setting
y = 0.95 in order to yield conservatively protective
estimators and it has been shown!¥) that this cor-
responds to a highly conservatively asymmetric loss
profile.

2.4. An Example

A hypothetical chemical is assessed with eight
species, yielding (randomly generated) toxicity val-
ues: 0.66,2.17, 4.33, 5.00, 9.40, 11.00, 34.90, and 2,500
mg/L. Standard practice in assessment of normal-
ity is through the Anderson-Darling (AD) test and
the Kolmogorov-Smirnov (KS) test (implemented
through the less powerful Lilliefors test when the al-
ternative hypothesis is not well specified, as is the
case here). These two tests are recommended by
ECHA © (p. 22) as supporting evidence for the use
of SSD-based risk assessment methods. Two other
tests based on plotting positions rather than the em-
pirical distribution function are the Shapiro-Wilk
(SW) test and the Shapiro-Francia (SF) test; the lat-
ter is inherently related to the regression-based mod-
els since its test statistic is the square of the Q-Q
plot correlation coefficient. The four tests in this case
yield p-values 0.10 (AD), 0.12 (KS), 0.12 (SW), and
0.06 (SF); none rejects log-normality at the 5% sig-
nificance level and only SF at the 10% level. Graphi-
cal inspection using a Q-Q plot (shown in Fig. 1; left
panel) based on Weibull plotting positions does not
strongly suggest departures from log-normality given
the small sample size.

For brevity, we denote the three rules above as
[B] (backwards estimator), [F] (forwards estimator),
and [C] (confidence estimator with y = 0.5). Apply-
ing each rule and transforming back onto the origi-
nal concentration scale yields HCs estimates: 0.0438
[B], 0.118 [F], and 0.162 [C] mg/L. The median of the
SSD, namely, the HCsy, is estimated to be 11.37 mg/LL
by each rule since the rules coincide at p = 50. The
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Normal Q-Q Plot

sSD Fig. 1. Estimated SSDs based on three
approaches: [B] (—), [F] (- - -), and [C]
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Potentially affected fraction

(- -). Left panel: data (points) are plotted
as a Q-Q plot according to probit
transformed Weibull plotting positions.
[F] is directly overlaid as the forward
model fitted regression line Y = & + B X;
[B] is the inverted fitted regression line
(Y = (X — a)/b); [C] is plotted by
applying the probit transform to the
estimated PAF using previously
published equations.(!?) Right panel: as

Theoretical quantiles (log;o mg/L)

estimates of the standard deviation o (measured in
log,, mg/L) are 1.47 [B], 1.21 [F], and 1.07 [C]. An
overall perspective is gained from Fig. 1, which shows
each fitted SSD. The left panel shows the standard
Q-Q plot (data points), with the [B] (solid line), [F]
(dashed line), and [C] (dotted line) probit log lin-
earized SSDs shown. Although not apparent from
the figure, the SSD for [C] is not a straight line.
The right panel shows the SSDs in a more standard
manner, namely, as cumulative distribution functions
over log concentration. The probability measure on
the vertical axis is referred to as the potentially af-
fected fraction (of species, PAF) in the ecotoxicolog-
ical literature.®)

It is clear that the SSDs are very similar in this
example; for samples with larger p-values from the
goodness-of-fit test this tends to be particularly true.
Nonetheless, the rules tend to diverge in the tail re-
gion where there is greatest interest for risk man-
agers.

3. EVALUATION OF PERFORMANCE

In order to evaluate the performance of the three
fixed estimator proposals [B], [F], and [C], a crite-
rion for comparison must be specified. Recalling that
the predictive problem at hand is one of estimat-
ing the HC,, we propose measuring the performance
of the estimators through either (i) direct con-
sideration of discrepancy between the estimator
and true value, or (ii) consideration of the dis-
crepancy between the actual PAF, at the es-
timator concentration, and the intended PAF.
The nonlinear form of SSDs is what separates
these two proposals. In what follows we provide
some background to each of them. There are

Concentration (logio mg/L)

per left panel with (x, y)-coordinates
flipped and X transformed to the
probability scale (using the normal
cumulative distribution function).

in fact many ways to construct such criteria, for
example, log-odds ratios, and they may equally well
be used to derive, rather than justify, estimators a
posteriori. This is actually a subtle, yet fundamental,
issue in risk assessment.

3.1. (Standardized) Discrepancy Between log(HC )

A standardized measure of discrepancy! is de-
fined to be (§, —8,)/o. There are two important
features to this: (1) the difference is between log-
transformed estimators, and (2) the difference is
scaled by the log-SSD standard deviation.

One might argue that performance of a rule
should be measured on the original concentration
and not the log-transformed concentration scale be-
cause the rule will be (re-)used as 10% in the risk
characterization stage of the assessment. Our argu-
ment against this position is twofold. First, [B] and
[F] are derived from a statistical analysis of log con-
centration in order for errors (although pseudo in
this case; consult Section 4.2) to be additive; the
transformation back onto original scale is post hoc.
Second, consider mapping the standardized discrep-
ancy metric (§, — §,)/o onto the original scale, which
would yield (}’IEP/HCP)V“, where we define I/{EP =
10%. The ratio P’IEP/HCP clearly provides a mean-
ingful comparison; if it is greater (or lower) than
unity then the rule has under- (or over-) estimated
the true value. Now, consider the following two ra-
tios: (i) HCso/HCs and (ii) HCys/HCs. It is straight-
forward to show that these ratios reduce to (i) K¢
and (ii) K27, respectively. Clearly, therefore, the ra-
tio of interest is dependent on o. Raising the ra-
tio to the power of 1/0 removes this dependency,
consequently yielding a standardized measure (i.e.,



independent of the parameters in the SSD model) of
discrepancy.?)

3.2. Discrepancy Between log(PAF)

It has been suggested®® that, for a given deci-
sion rule, performance could be measured with re-
spect to the attained PAF of species affected, which is
the probability that a randomly selected species from
the assemblage has its toxicity value exceeded at a
specified environmental concentration. We, on the
other hand, propose considering the discrepancy with
respect to the attained log(PAF), thus emphasizing
discrepancies in a region where p is small. In other
words, we measure the performance of the estimator
by directly calculating the log(PAF), denoted log(p),
from the true SSD (conditional upon the model pa-
rameters) evaluated at the estimated value §, and
subtract the intended log(PAF), log(p). Since PAF is
already on a nonambiguous measurement scale (i.e.,
that of probability), we do not require any standard-
ization. By considering logarithms, much greater dis-
crepancy is assigned between, say, p = 0.01 and 1.0
than between p = 0.1 and 1.0.

3.3. Simulation

Evaluation of the three estimators is based on
the following Monte Carlo simulation study. Recall
that under normality, if x4 and o are known, then
8, =pn— K,o (and HC, = 10"~%7). For each iter-
ation of N = 20 x 10° simulations with a fixed speci-
fication of sample size (of toxicity data) n and protec-
tion goal p:

(1) Randomly generate n log toxicity values:
Vi, Y25 - - -, Yy from a normal distribution with
mean p and standard deviation o.

(2) Calculate: §,(Y)s (Equation (1)), 8,(Y)r
(Equation (3)), and §,(Y)[c (Equation (5)).

(3a) Calculate the standardized discrepancy be-
tween estimated and true log(HC,) for each
of [B], [F], and [C].

(3b) Calculate the discrepancy between actual and
intended log(PAF) for each of [B], [F], and
[C].

For both discrepancy measures, the results of the
study will not depend on the values of 1 and ¢ and it
suffices to fix u = 0and o = 1.

For each sample size n, protection goal p, and
discrepancy measure we empirically summarized the
Monte Carlo sample by computing (a) the mean dis-
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crepancy, (b) the median, (c) the standard deviation,
(d) the root mean square, and (e) proportion of neg-
ative values. The first two summaries, (a) and (b),
are the usual estimator bias and median bias, taking
log(HC,) and log(PAF) as the quantities being esti-
mated; (c) and (d), respectively, measure estimator
variability and accuracy; for all four, the log(HC))
measure is standardized by o. The final summary,
(e), approximates the probability that the estimator
falls below the true value and is a measure of bias
for the dichotomous outcome that the estimator ei-
ther under- or overestimates the true value; we call
it confidence hereafter. By construction of the con-
fidence limit rule [C] (see Equation (4)), (e) should
be equal to y = 0.50 for the log(HC,) discrepancy, a
required property for an estimator to be consistent
with regulatory guidance.®) In fact, this also holds
for the log(PAF) discrepancy because (e) is invariant
to one-to-one transformations of the concentration
scale and log(HC,) and log(PAF) are related by the
SSD cumulative distribution function; this invariance
also reduces the importance of the scale on which es-
timator rule performance is analyzed.

Different summary measures may lead to dif-
ferent conclusions about which estimators are “op-
timal.” We are unaware of any omnibus criterion for
measuring estimator performance and acknowledge
that other criteria may be suitable. However, consid-
ering the bias and median bias as an example, it is
perhaps more intuitive to use the latter. If, as we ex-
pect, risk managers treat risk assessments separately,
then, despite the fact they reuse the same decision
rule for consistency, they are unlikely to be inter-
ested in the mean PAF discrepancy across indepen-
dent assessments as this will have no environmental
interpretability. On the other hand, the median dis-
crepancy informs the risk manager about the propor-
tion of risk assessments that will exceed the permit-
ted PAF.

3.4. Application

The standard policy decision regarding the frac-
tion of species that may be permitted to be af-
fected is p = 5% in many regulatory contexts (e.g.,
ECHA).!° However, other choices such as p = 10%
are of interest to scientists.*”) The need to minimize
costs to industry from laboratory experimentation,
combined with the ethical requirement to reduce
species testing, means that the sample sizes of tox-
icity data are typically small. Despite the minimum
sample size being n =10 under the EU REACH
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guidance,() it has been reported®® that sample sizes
much lower than 10 are not exceptional. Therefore,
we evaluate the three rules, [B], [F], and [C], ac-
cording to the performance criteria detailed earlier
for p=5and 10 and n = 3, ..., 100. The [F] and [B]
rules are determined using the Weibull-based plot-
ting positions, which is consistent with the work of
others,>*) and can be justified.?®) Frustratingly, not
all end-users describe which plotting positions they
have implemented. The results of the simulation ex-
periment are shown in Fig. 2 (standardized discrep-
ancy between log(HC,)) and Fig. 3 (discrepancy be-
tween log(PAF)).

4. DISCUSSION
4.1. Implications

The interpretation of Fig. 2 is straightforward:
based on (standardized) log(HC,) discrepancy, the
[C] estimator outperforms both [B] and [F]. For the
more “plausible” regions of small n (emphasized on
the figure by logarithmic horizontal axes), the differ-
ences are especially pronounced. In all three cases
the mean discrepancy was negative, suggesting that
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the procedures are conservative on average, most no-
ticeably in the case of [B]. Note that the mean dis-
crepancy of the [C] estimator is nonzero because that
summary measures expectation as opposed to the
median discrepancy, which is zero by design for [C];
that the mean is negative is due to the left-skewed
nonsymmetric sampling distribution (a rescaled non-
central ¢-distribution in this case) of §,(Y). Although
the larger negative mean discrepancy for [B] may ap-
peal from a viewpoint of being protective, this is not
the defined goal in estimating the HC,,.

The same conclusions are drawn when consider-
ing the discrepancy between log(PAF), as confirmed
by Fig. 3. As stated previously, the confidence sum-
mary (panel row 5) in Figs. 2 and 3 are identical.

The level of attained confidence for the [C] esti-
mator (see row 5 in Figs. 2 and 3) is found correctly to
be 50%. In the case of [B] and [F] the most prominent
feature is the lack of monotonic behavior. This in-
consistency, unlike the [C] estimator, may be consid-
ered undesirable by risk managers who would intu-
itively seek monotonicity. Nevertheless, based on the
standardized discrepancy between HC,, the estima-
tors demonstrate properties of conservatism since for
the range of sample sizes considered, the estimators



underestimate the HC, for between 60% and 75% of
samples, with [B] consistently the most conservative.

Further analysis showed that there are paradox-
ical outcomes if one considers discrepancy in terms
of PAF rather than log(PAF). Then the [C] estima-
tor has the largest magnitude of mean, standard de-
viation, and R.M.S. discrepancy, suggesting that any
decision rule determined from this criterion would
lead to overachieved protection goals on average. On
the other hand, however, it remains optimal from the
perspective of median discrepancy due to the invari-
ance property of the median function to one-to-one
transformations.

4.2. Limitations in the Regression Methods

There are a number of further limitations to the
two regression-based estimators that weaken statisti-
cal defensibility when the toxicity data sample is well
defined. A few noteworthy points are discussed here.

Uncertainty quantification. If either the forward
or backward model is considered tenable, then the
estimators derived in Equations (1) or (3) are sound.
However, if sampling uncertainty about the estima-
tors is to be reported, the covariance matrix of e
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(or €’) must be specified because the typical linear
regression assumption that errors are independently
and identically normally distributed (with zero mean
and homogenous variance) does not apply. For a
known covariance matrix, one can apply generalized
least squares; in the case of the forward linear model
(Equation (2)) this implicitly leads to the well-known
SW test statistic**) for assessing a hypothesis of nor-
mality. Calculating the appropriate covariance ma-
trix for either linear model proposal is nontrivial.
However, uncertainty quantification will be incor-
rect if this is not accounted for. An extensive discus-
sion®® included a parametric (best linear unbiased)
estimator, which incorporated this covariance struc-
ture for the forward model using an approximation
method. Despite this, the correct assumptions do not
appear to have been incorporated elsewhere in the
ecotoxicological risk assessment literature.
Dependence on plotting positions. Both estima-
tors of log;,(HC,) depend on xi, x», ..., x, through
the weighted linear sum yq)x1 + yo)X2 + - -+ 4 Y(n)Xn
and in the case of [F] through the sum of squares.
Hence different choices of p; will lead to different es-
timators, thus demonstrating the artificial nature of
the proposals, i.e., we never actually “observe” the
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species assemblage PAF at the environmental con-
centration log concentration y;) to be x;. Neverthe-
less, differences will likely be small unless there are
outliers in the model, in which case the assumption
of normality would need to be readdressed anyway.
Recommendations have been made®® regarding the
choice of plotting positions.

Vertical versus horizontal least squares. Momen-
tarily discounting the implication of the two previous
issues, an obvious question is why should one choose
either the forwards or backwards model over the
other. The forwards and backwards estimated SSDs
result from minimizing, respectively, the sum of
vertical and horizontal squared differences between
the log-linearized SSD and the data points in the
Q-Q plot. From a standard statistical viewpoint,
we consider that the forward model is more natural
since the toxicity data (the response variable) are, af-
ter all, what we consider to be randomly distributed,
whereas the transformed plotting positions (the re-
gressors) are supposedly known; we are not alone in
this view.® Furthermore, this is consistent with the
application of such procedures in environmental data
analysis in the presence of censored data.C) A re-
lated issue with the backwards model for estimation
of §, is that under this model we actually want to pre-
dict the regressor from the response. This so-called
linear calibration problem is a well-studied topic in
the statistical literature®> with no definitive solution.

5. CONCLUSIONS

There is a clear confusion in the SSD literature
regarding the term “parametric SSD,” despite liter-
ature®® differentiating between parametric and so-
called graphical approaches. In one case, authors?®”)
cite another article() that is effectively based on the
confidence limit approach and yet implicitly use a so-
called linearized log-normal method, what we call the
backwards regression estimator. Such situations are
confusing to SSD practitioners who may lack the the-
oretical knowledge to differentiate between the two
approaches, let alone between the consequences of
the decision rules that result.

Regression-based estimation methods are pop-
ular in ecotoxicological and environmental risk
(hazard) assessment; early proposals in a regulatory
context were introduced by the U.S. EPA.>29 We
do not altogether reject their application since they
are transparent compared to the fixed assessment
factor approach. Moreover, their use in certain cases
is beyond rigorous statistical reasoning; in one exam-

ple® a forward regression model is used, but only
through the four toxicological endpoint measure-
ments nearest to Sth percentile; such ad hoc behav-
ior, despite attempted empirical reasoning,®® lacks
statistical justification. Q—Q plots, from which such
estimators effectively derive, are indeed useful, if
not altogether necessary, for assessing the validity
of (log-) normality. A key advantage of regression
methods discussed here is for estimation of location
and scale in the presence of censored data; however,
such data are regularly not accepted in regulatory
risk assessment. Moreover, for the special case of log-
normality, the statistical problem of percentile esti-
mation for censored data is well developed, 349 re-
ducing the need for regression-based estimators due
to the ready availability of statistical computing soft-
ware. The situation is more difficult for other dis-
tribution families; it has been noted®® that for al-
ternative distributions, “parametric” methods may
be increasingly difficult to analyze in comparison to
“graphical” methods. Despite the more widespread
use of the backwards regression model, its statisti-
cal foundation lacks credibility compared to the for-
wards model.

If the primary current motivation for regression-
based estimators is, as we suspect, the ease of
implementation by practitioners (since regression
software is readily available and simple to use),
then it is perhaps misunderstood how straightfor-
wardly the standard confidence limit approaches
can be used. Statistical tables have been pub-
lished,(1*33) which can be quickly used to determine
HC, estimators and corresponding confidence
intervals; this procedure was made available*”)
via a freely available software package—ErX 2.0
(http://www.rivm.nl/rvs/risbeoor/Modellen/ETX.jsp).
If simple crude estimates are what in fact practition-
ers seek, then an even simpler approach would be
to adopt, as some have,®? a method-of-moments
approach where an assessor uses the standard unbi-
ased estimates of the location and scale parameters
(in this instance y and s?) as plug-in values for
the unknown true values. Under log-normality,
this would yield §,(Y) = y — K,s. No measure of
uncertainty is attached to this estimator, but no
easily determinable correct measure of uncertainty
is attached to the regression-based estimators as
discussed in Section 4.2.

Debates about the application of parametric
SSDs are ongoing,!>1%3) but they remain periph-
eral to our intention, which is to provide purely
statistically based recommendations to support
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practitioners. We recommend that (1) where a point-
wise estimate of the HC, is required and the avail-
able toxicity sample is noncensored, the direct confi-
dence limit estimation approaches!>1%17) should be
used rather than the regression-based estimators; and
(2) pointwise estimators should complement, not re-
place, a probabilistic distribution.

Our first recommendation comes directly from
the analysis in this research. However, this should
not preclude “back of envelope” calculations, for
example, moment-based estimators, for purely ex-
ploratory (nonregulatory) risk assessment. The
second recommendation is a by-product of our anal-
ysis: since there is no “best” choice of estimator with-
out a well-defined criterion, either a choice should be
justified a priori or a full probabilistic description of
uncertainty concerning the HC, and/or SSD should
be considered in each risk assessment. The Bayesian
paradigm is natural for this and has gained consider-
able recent attention.(13.1438-40.48) Tp fact it has been
shown(? that the (median) [C] estimator discussed
in this research is the median of the posterior distri-
bution of the HC,, using a standard noninformative
prior distribution. Furthermore, handling censored
data is simple in a Bayesian framework, thus allow-
ing for consistency in risk assessment approaches.

In principle, (1) should be easy to impose within
modern regulatory frameworks; it is already part of
REACH guidance. However, (2) is challenging, es-
pecially to risk assessment frameworks still using
“assessment factor” based estimators, which lack a
statistical basis and provide no measure of uncer-
tainty pertinent to the safety assessment. Recent
projects such as EUFRAM( have called for further
application of probabilistic techniques in ecotoxico-
logical risk assessment. To justify a single estimator
requires a measure of loss for all possible discrepan-
cies. The decision-theoretic concept of loss functions
has been used*#49 to derive HC, estimators and
it has been concluded that for defensible conser-
vative estimators, a loss-function approach is ideal;
however, it would be likely to perplex most risk man-
agers due to the sophisticated quantitative reasoning
required.

Our discussion has been limited to the log-
normal SSD because of its prevalence in the REACH
guidance,® but we expect the results to hold
for other distribution families; for example, corre-
sponding confidence-based estimators have been de-
rived('”) for the log-logistic SSD. The (normal) Q-Q
plot, which is inherently associated with the two

Hickey and Craig

regression-based estimators, should still be used as a
diagnostic device for assessing distributional assump-
tions, although the strengths of this and the statistical
power of goodness-of-fit tests are severely limited at
very small sample sizes.
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